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1. Introduction 
Let G be a simple graph with vertex set V(G) and edge set E(G). For each a in 
V(G), let N(a) = {x E V(G) : ax E E(G)} be the set of neighbours of a. A subset 
S of V(G) is called a closed set of G if, for each pair of distinct elements u, b in S, 
N(a) ON(b) s S. Let Z’(G) be the family of closed sets of G, inclusive of the 
empty set 0. Evidently, Z(G) is closed under arbitrary intersection and it thus 
forms a lattice under set-inclusion (see Fig. 1). The lattice 2?(G), which was first 
introduced by Sauer (see [6] and also [3, 4, 5]), is called the closed-set lattice of 
the graph G. 
We shall now introduce, in terms of their closed-set lattices, various classes of 
graphs. A graph G is said to be minimally critical if 2(G) + _Y(G - e) for each e 
in E(G), and maximally critical if Z(G) $ Z’(G + e) for any e in E(G), where G 
is the complement of G. We say that G is critical if G is both maximally and 
minimally critical. A graph G is said to be sensitive if for any graph G’ that 
2?(G) = .Z(G’) implies G = G’. Suppose that G and G’ are graphs such that 
2?(G) = Z(G’) un d er a lattice isomorphism @. It is easily seen that @ induces 
naturally a bijection 4 : V(G)+ V(G’) such that for each x in V(G), G(x) =x’ in 
V(G’) if and only if @({x}) = {x’} in .2(G)). W e call 4 the bijection induced by 
@. A graph G is said to be strongly sensitive if for any graph G’ and for any 
lattice isomorphism @: Z’(G) = Z(G’), the bijection Cp induced by Qi is a graph 
isomorphism of G onto G’. 
For a graph G, the following implications follow immediately from definitions: 
G is strongly sensitive 
+ G is sensitive 
+ G is critical 
jG is 
maximally critical 
minimally critical. 
While strongly sensitive graphs are abundant (see [3]), not every graph is 
maximally critical or minimally critical. There exist maximally critical graphs 
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G : 
l(G) : 
Fig. 1. 
which are not minimally critical and vice versa. A class of critical graphs which 
are not sensitive can also be found in [4]. Now the question is: Are there sensitive 
graphs which are not strongly sensitive? 
It can be verified that the graph of Fig. 1 is the unique graph of minimum order 
which is sensitive but not strongly sensitive. Two more such graphs of order 6 are 
shown in Fig. 2. As a matter of fact, it is our main aim in this paper to introduce 
some methods of construction which produce various families of sensitive graphs 
that are not strongly sensitive. 
Throughout this paper, all graphs are assumed to be finite, nontrivial and 
simple. For all terminology on graphs and lattices not explained here, we refer to 
[l] and [2] respectively. 
2. Preliminaries 
We begin with the following observation: 
(*) Let G be a graph of order at least three. Then G is disconnected if and only if 
Y(G) is direct product decomposable. Thus for graphs G and G’ of order at least 
three such that 3?(G) s .Z’(G’), G is connected if and only if G’ is connected (see 
.-: I 
Fig. 2. 
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[6]). In contrast with this, we have Z(P2) = .Z(O,), where Pz is the path of order 2 
and 0, is the graph consisting of two isolated vertices. 
For a subset X of V(G), the subgraph of G induced by X is denoted by [X] and 
the closed set of G generated by X is denoted by (X). For graphs G and G’, we 
shall write Z’(G)‘:’ L!?(G) to indicate that lattices Z(G) and Z(G’) are 
isomorphic under the lattice isomorphism Qi. The image of X under a mapping Cp 
is denoted by X@. 
Lemma 1 [3]. Let G and G’ be graphs such that Z(G)‘~‘Z’(G’) and let 
# : V(G)+ V(G’) be the bijection induced by @. For any subset X of V(G), any 
closed set A of G and any vertex a in G, we have: 
(9 W(X)) = (X@), 
(ii) a E (X) if and only if #(a) E (X4), 
(iii) I(X)I = I(X 
(iv) @(A) = A@, 
(9 deg&a) = 1 f i an only if deg,.($(a)) = 1, provided that G is connected d 
and IV(G)! a 3, 
(vi) 3?([(X)])‘~‘Z([(X@)]), where @* is @confined to .Z([(X)J). 
The following result provides a simpler way to determine whether two 
closed-set lattices are isomorphic. 
Lemma 2 [3]. Let G and G’ be two graphs. Then Z(G) = 2?(G’) if and only if 
there exists a bijection a, : V(G) -+ V(G ‘) such that 
(({x, Y>))N’ (+4x), a(y)>) 
for any pair of distinct elements x, y in V(G). 
Remark. Given LY satisfying the above condition, define Qi: Z(G)+ Z(G’) by 
@(S) = SCY. It can be shown that CD is a lattice isomorphism and the bijection @ 
induced by @ is identical with CL 
3. Rambutans 
For any connected graph G of order n, denote by B(G) the graph of order 2n 
obtained by adjoining to each vertex of G a new end vertex. Every graph of the 
form B(G) is called a rumbutan (also known as corona). It was noted in [4] that 
every rambutan is critical. It is easy to prove that for any complete graph K,, 
(n 3 2), B(K,J is strongly sensitive. While a class of nonsensitive rambutans was 
provided in [4], we construct here a class of sensitive rambutans which are not 
strongly sensitive. 
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B(G(5,3)) : b3 
Fig. 3. 
Theorem 1. For each complete graph K,, of order n a4 with V(K,) = 
{ al, a2, . . . , a,,} and for each integer r such that 2 6 r s n - 2, let G(n, r) be a 
spanning subgraph of K,, with 
E(G(n, r)) = E(K,) - {aiaj : 1 =G i <j s r}. 
Then the rambutan B(G(n, r)) is sensitive but not strongly sensitive. 
Proof. Let {b,, . . . , b,} be the set of end vertices of B(G(n, r)) such that 
a,b, E E(B(G(n, r))) for each i = 1, . . . , n. Let H be any graph such that 
Z(B(G(n, r)))‘g)Z’(H). Let V(H) = {x’ = $(x):x E V(B(G(n, r)))}. By obser- 
vation (*), H is connected. By Lemma l(v), { bi, . . . , b;} forms the set of end 
vertices of H. 
Since (({bi, bj})(=2 for all i,j=l,. . . , n with i #j, we have ( ( { bl, b,!} ) I= 2. 
Thus d(bj, bl)>3 for all i,j=l,. . . ,n with i#j. Hence H = 
B([{al, . . . , d>l). 
Claim 1. aibl E E(H) for each i = r + 1, . . . , II. 
If aibl$ E(H) for some i = r + 1, . . . , n, then there exists j = 1, . . . , n with 
j#i such that sib,! E E(H). But then I( {al, b,!})l = 2 while I( {aj, bi})J 2 3, 
contradicting Lemma l(iii). 
Claim 2. ala,! E E(H) for each i = r + 1, . . . , n and for each j = 1, . . . , II with 
i+j. 
Since (({bi, aj})la3, we have (({b,!, a,!})1 ~3 by Lemma l(iii). Hence by 
Claim 1, alal 15 E(H). 
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Claim 3. afal $ E(H) for all i, j = 1, . . . , r with i #;i. 
Assume on the contrary that alal E E(H) for some i, j = 1, . . . , r with i #j. 
There exists a k = 1, . . . , r such that bb,! E E(H). But then I( {b;, u;})l Z= 3 while 
I(Vk, q>)l=2, contradicting Lemma l(iii). 
It thus follows that there is a permutation I/J of (1, 2, . . . , r} such that 
~]a$(~) E E(H) for each i = 1, . . . , r. Note that we have B(G(n, r)) = H whatever 
‘1’ is, and by Lemma 2, Z’(B(G(n, r)))(g) Z(H). Hence B(G(n, I)) is sensitive 
but not strongly sensitive as ‘1’ may not be the identity mapping. q 
4. A construction based on strongly sensitive graphs 
There are strongly sensitive graphs in plenty. Indeed, it was proved in [3] that 
evey C,-free graph and the covering graph of every lattice are strongly sensitive. 
In this section, we shall introduce a method to construct sensitive graphs which 
are not strongly sensitive from a family of strongly sensitive graphs. 
Again, let K, be the complete graph of order IZ 3 4 with V(K,) = 
{ a,, a29 . . . > a,}. For each integer r such that 2 <r s n - 2, let G(n, r) be the 
graph constructed in Section 3. Let % = { G,+l, Gr+2, . . . , G,} be a given family 
of (n - I) connected strongly sensitive graphs (thus each Gi is of order at least 
three). We construct a new graph G:(9) based on G(n, r) and % as follows: 
V(G:(+9) = V(G(n, r)) U J$+, V(G) U {bl, b2, . . . > &I 
G;(G) : 
Fig. 4. 
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where {b,, bZ, . . . , b,} is a set of r new vertices and for each i = r + 1, . . . , n, ai 
is identified with exactly one vertex of Gi and 
. 
E(G:(%)) = E(G(n, r)) U {a;bi :i = 1, 2, . . . ) r} U () E(Gi). 
i=r+l 
Then we have 
Theorem 2. Every graph G:(S) u sensitive but not strongly sensitive. 
Remark. Graphs of the form B(G(n, r)) considered in Theorem 1 are not 
contained in the family of graphs shown in Theorem 2 since every edge 
considered as a graph of order 2 is not strongly sensitive. 
Proof. Let H be any graph such that Z(G:( 59)) (g’ 5?(H). Let V(H) = {x’ = 
@(x):x E V(G:(%))}. ‘Again, H must be connected. By Lemma l(v), 
{b;, . . . , b:} is a set of end vertices of H. Hence d(bi, bl) 2 3 for all 
i,j=l,..., r with i fj. We shall now establish a series of claims: 
(1) For each i = r + 1, . . . , n and for all x, y E V(G,), xy E E(Gi) if and only if 
n’y’ E E(H). 
By Lemma l(vi), %‘(Gj) = T([(V(G,))@]), where cD~ = @lieCc,). Since each Gi 
is strongly sensitive, (1) thus follows. 
(2) For all i = r + 1, . . . , n, j = 1, . . . , r and for every x E V(G,), b,‘x’ 4 E(H). 
Assume on the contrary that bjx’ E E(H). Since Gj is connected and IV(G,)l2 3, 
there exists y in Gi such that xy E E(Gi). By (l), x’y’ E E(H). Hence x’, y’ E 
({b!, y’}), and so x, y E ( {bj, y}) by Lemma l(ii). However, this contradicts 
the fact that I( {bj, y}) n V(Gi)( = 1. 
Now, by (2) plus the fact that H is connected and {b;, . . . , b:} is a set of end 
vertices with d(bl, b,!) 2 3 for each pair of distinct i, j = 1, . . . , r, we have: 
(3) There exists a permutation 11, of (1, 2, . . . , r} such that aibb(i) E E(H) for 
each i = 1, . . . , r. 
(4) For all i, j = 1, . . . , r with i fj, ala; $ E(H). 
If U/U/ E E(H), then I( {al, b;,,,})) 3 3 but I( {ai, b,cjj})l = 2, contradicting 
Lemma l(iii). 
(5) For all i = r + 1, . . . , n and j = 1, . . . , r, a,‘~+’ E E(H). 
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Since I({a;, bVcn})(>3, we have (({a;, 6 Lo)}) ( 2 3. By (3) and the fact that 
deg(bbo,) = 1, a/~,’ E E(H). 
(6) For all i = r + 1, . . . , II, j = 1, . . . , n with i fj and for every x E N(a,) fl 
V(G), a;, 6 E(H). 
Assume on the contrary that u/x’ E E(H). By (l), uix E E(G,) implies that 
U/X’ E E(H). Thus x’ E ({a/, a;}), contradicting the fact that x $ ({ai, Uj}). 
(7) For all i, j = r + 1, . . . , n with i #j and for all x E V(Gi) - {ai} and 
y E V(G), x’y’ 4 E(H). 
Suppose x’y’ E E(H). By (6), we need only to consider the following two cases: 
(i) x E V(Gi) - (N(Ut) U {Ui}) and Y = Uj and (ii) x E V(Gi) - {Ui} and y E V(G,) - 
{ai}. In case (i), we have a&’ E E(H) by (5). Hence q’ E ({x’, a;}), contradicting 
the fact that Uj $ ({x, al}) = {x, al}. In case (ii), we have deg(x) > 1 since 
deg(x’) > 1. Let u E N(x) - {ai}. By (l), u’x’ E E(H). Hence x’ E ({u’, y’}), 
contradicting the fact that x 4 ({u, y}) = {u, y}. 
(8) For all i, j = r + 1, . . . , n with i # j, u/u; E E(H). 
Assume on the contrary that u/q’ $ E(H). Let x E N(uJ n V(G,). By (6) and 
(7), N(x’) c (V(Gi))+. Ag ain by (7), N(u,‘) E V(H) - (V(G,))@. Thus we have 
N(x’) II N(u;) = 0. Hence I( {x’, q’})1 = 2, contradicting the fact that 
I(ix, uj>)133. 
(9) For all i=r+l,... ,rz, j=l,..., r and for every x E V(G,) - {a,}, 
u/x’ 4 E(H). 
If q’x’ E E(N), then u/ E ({al, x’}), contradicting the fact that uj $ ( {ai, x}). 
It thus follows from what we have discussed that G:(s) = H whatever v is, 
without violating the assumption that Z(G:(%)) ‘g’Z(H) (see Lemma 2). Since r,~ 
is not necessarily the identity mapping, we conclude that G:(s) is sensitive but 
not strongly sensitive. q 
5. Graphs without cut vertices 
All the graphs constructed in the preceding two sections contain end vertices 
and hence cut vertices. Does there exist a sensitive but not strongly sensitive 
graph which contains no cut vertices? The answer is ‘yes’. Fig. 5 shows the two 
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Fig. 5. 
such graphs of minimum order. In this section, we shall furnish a class of such 
graphs. For each vertex x in G, we shall denote by N[x] the closed neighbour- 
hood of X, i.e. N[x] = N(x) U {x}. 
Theorem 3. Let G be a graph as shown in Fig. 6 where 
(i) each Gi (i = 1, 2, 3) is a strongly sensitive graph, 
(ii) al E V(G,) - N[a], bI E V(G,) - N[b] and cl E V(G,) - N[c]. 
Then G is sensitive but not strongly sensitive. 
Fig. 6. 
Consfructions of sensitive graphs 233 
Proof. Let H be any graph such that Z(G) ‘g’5’Y(H). Let V(H) = {x’ :x E V(G)}. 
Clearly, H is connected. Again, we shall establish a series of claims. 
(1) For each i = 1, 2, 3 and for all x, y E V(G,), xy E E(G) if and only if 
x’y’ E E(H). 
This follows immediately from Lemma l(vi) and the fact that each Gi is 
strongly sensitive. 
(2) For all i = 1, 2, j = 1, 2, 3 and for every x E V(G,), fix’ 4 E(H). 
It suffices to consider the case when i = j = 1. Assume on the contrary that 
fix’ E E(H). Since G1 is connected and jV(G,)\ 2 3, there exists y E V(G,) fl 
N(x). By (l), x’y’ E E(H). Thus x’, y’ E ({fi, y’}), contradicting the fact that 
I(~~>YH~WG)~=~~ 
(3) N(fi) = {dl, e;} and N(f;) = {dl, e:} where {i, j} = {k, r} = (1, 2). 
Since deg(h) f 1 for each i = 1, 2, we have deg(fl) # 1 by Lemma l(v). Hence 
deg(fl) 22 for each i = 1, 2. Since ({fi,fi}) = {fi,fi}, we have ({f;,f;}) = 
{f;, f;} and hence N(f;) tl N(fi) = 0. M oreover, f;f; 4 E(H), for otherwise by 
letting U’ E N(f;) - {fi}, we have U’ E {d;, dh, e;, e;} by (2), and hence 
( ( {u’, f;} ) 1 2 3, contradicting the fact that I( {u, fi} ) 1 = 2. Thus N(f;) U N(f;) = 
{di, d;, e;, e;} and deg(f;) = deg(f2) = 2. Since ({d,, d2}) = {d,, dz, a, b}, we 
have ({d;, d;}) = {d;, d;, a’, b’} and hence we conclude that: (i) d; f i and d;f; 
cannot be both in E(H) and (ii) d;fk and dhf 4 cannot be both in E(H). Similarly, 
by considering ({e,, e2}) = { e,, e2, b, c}, we have: (iii) elfi and ezf; cannot be 
both in E(H) and (iv) eif; and e;fJ cannot be both in E(H). Thus (3) is 
established. 
(4) For every pair of distinct vertices x, y in {d,, dz, e,, e2}, x’y ’ 4 E(H). 
Since ~({x,~})l=I({y,$})~=2 for each i=l,2, we have 
I({Y’,flHl=2 f or each i = 1, 2. Now (4) follows from (3). 
(5) For each i = 1, 2, a’e[, c’di 4 E(H). 
Assume on the contrary that ale/ E E(H) for some i = 1, 2. Let x E V(G,) f~ 
N(a). Then ax E E(H) implies that a’x’ E E(H) by (1). Thus I( {x’, ei})l> 3, 
contradicting the fact that ) ({ x, ei}) I = 2. Hence a’ef 4 E(H). By symmetry, we 
have c'dl 4 E(H) for each i = 1, 2. 
(6) a’d;, b’d;, b’ef, c’el, a’b’, b’c’ E E(H) for each i = 1,2. 
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M4 : 
Fig. 7. 
Since Z([{u, 6, d,, &}I) = .Z([{b, c, e,, ez}]) ~44~ (see Fig. 7), we have 
P([{a’, b’, d;, &}I) = Z([{b’, c’, e;, e;}]) = M4. As did;, e;e; $ E(H) by (4), (6) 
thus follows. 
(7) a;b;, a;~;, b;c; E E(H). 
Observe that [( { a,> bl, cdl = [{al, bl, cl}] E C3, which is a strongly sensitive 
graph. By Lemma l(vi), we have [({a;, b;, cl})] = [{a;, b;, c;}] = C3, 
establishing (7). 
(8) For each i = 1, 2 and for every x E (V(G,) - {a}) U (V(G,) - {b}), dlx’ $ 
E(H). 
This follows immediately from the fact that (V(G,))$ is a closed set of H for 
each i = 1, 2. 
Similarly, we have 
(9) For each i = 1,2 and for every x E (V(G,) - (6)) U (V(G,) - {c}), ejx’ 4 
E(H). 
(10) For each i = 1, 2 and for every x E V(G3) - {c}, dlx’ $ E(H). 
Since ({a, x}) = {a, x}, we have ({a’, x’}) = {a’, x’} and hence dlx 4 E(H). 
Similarly, we have 
(11) For each i = 1, 2 and for every x E V(G,) - {a}, efx’ 4 E(H). 
(12) u’b;, u’c;, b’u;, b’c;, c’u;, c’b; I$ E(H). 
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This follows from the fact that (V(G,))@, (V(G,))$ and (V(G,))# are closed 
sets of H. 
(13) a’c’ $ E(H). 
If a’c’ E E(H), then by letting x E V(G,) fl N(a), we have a’x’ E E(H) and 
hence a’ E ({c’, x’}), contradicting the fact that a $ ({c, x}) = {c, x}. 
(14) For all x E V(G,) - {b} and y E V(GJ - {b,}, a’x’, a;~‘, c’x’, c;y’ $ 
E(H). 
Since (V(GJ)$ is a closed set of H, the above claim is true. 
(1.5) For all x E V(G,) - {c} and y E V(GJ - {cl}, u’x’, u;y’ $ E(H). 
Suppose u’x’ E E(H). Then deg(x’) > 1 in H, which implies that deg(x) > 1 in 
G by Lemma l(v). Let u EN(~) - {c}. Then u’x’ E E(H) and hence x’ E 
({a’, u’}), contradicting the fact that x 4 ({a, u}) = {a, u}. Since (V(G,))@ is a 
closed set of H, we have a; y' $ E(H). 
Similarly, we have 
(16) For all x E V(G,) - {a} and y E V(G,) - {a,}, c’x’, ciy’ $ E(H). 
(17) For all x E V(G,) - { a, 4, Y E V(G) - {b, b,) and 2 E V(G) - {c, cd, 
x’y’, y’z’, x’z’ $ E(H). 
Suppose x’y’ E E(H). Then deg(x’) > 1, which implies that deg(x) > 1. Let 
u E N(x) - {a}. Then u’x’ E E(H) by (1). Hence x’ E ({u’, y’}), contradicting 
the fact that x $ ({u, y}). Similarly, y’z’, x’z’ 4 E(H). 
We thus conclude from the previous discussion that G = H. Observe that there 
are in (3) four different combinations for N(f;) and N(f;), which show that the 
bijection # induced by @ need not be the identity mapping. Moreover, by 
Lemma 2, the assumption that Z(G) ‘~‘Y(H) is not violated when each of these 
four combinations holds for N(f;) and N(f$. Therefore G is sensitive but not 
strongly sensitive. 0 
Remark. Condition (ii) in Theorem 3 cannot be replaced by the following: 
(*) a, E V(G,) - {a>, b, E V(G,) - {b}, and 
~1 e V(G,) - 1~). 
For instance, the graph G of Fig. 8, which satisfies condition (i) in Theorem 3 and 
condition (*) above, is not even maximally critical (Z(G) = _%(G + e), where 
e = xy). 
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